PHYSICAL REVIEW E VOLUME 58, NUMBER 1 JULY 1998

Static friction and arch formation in granular materials

J. Duran, E. Kolb, and L. Vanel
LMDH-URA 800 CNRS, Universiteierre et Marie Curie, 4 place Jussieu, 75252 Paris, France
(Received 12 November 1997; revised manuscript received 13 February 1998

We report experiments in two and three dimensions that show that the flow mode of a granulate confined in
a container strongly depends upon preparation. After a shock or a compressive stress, the granulate can flow
freely or exhibit fragmentation resulting from what we call “vaults hardening.” We analyze this effect in the
framework of a classical triangular bead pattern where the central particle is submitted to a vertical load. The
model includes the indetermination of static friction forces and a spring that mimics the elastic tension in a
chain of deformable particles. During reversal of gravity, we show that there is a locking mechanism that
maximizes the tension of the spring. Then, the magnitude of friction forces is also maximum and may be large
enough to prevent any motion of the central particle. This work can be looked upon as an approach to the more
general problem of the stability of contact chains in a granu[&&063-651X98)13107-0

PACS numbgs): 81.05.Rm, 46.10:-z, 47.27.Te, 64.75:9

[. INTRODUCTION received some attention, it is tempting to try to get some
insight into the static situation. Due to the singulafity the
Despite their ubiquity in the surrounding world and their nonsmooth charactét2]) of the friction force at zero veloc-
huge industrial interest, granular materials still exhibit nu-ity, friction can be fully or partially mobilized T<fN,
merous unexplained features that have attracted the attentievheref is the static friction coefficient witi>f ), depend-
of an increasing number of physicists in the last deddde ing on preparation13] and on the balance of other interact-
Among other problems, the frequent occurrence of spontaneng forces. Henceforth, one may anticipate peculiar plugging
ous partial or total clogging of ducts and pipes is of crucialor clogging behaviors different from those in the dynamical
importance in industrial processiig] and still needs to be situation. Industrial reports repeatedly describe evidence of
fundamentally understood. lllustrating the difficulty in tack- the permanent plugging of huge hoppers containing sand,
ling this problem from a unified standpoint, numerous ex-charcoal, food grains of all sorts, etc. Also, they notice that
periments and computer simulations have recently been pethis permanent plugging quite often occurs after a prolonged
formed. For example, the running hourgld8s4] stands as period of rest. Then, the granular material seems to be frozen
an archetype of aifor gag—particle interactions, which are in, refuses to flow when the lower aperture of the hopper is
an important cause of instability for flows in linear pigé&s. opened, and resists energetic perturbati@sh as hammer
Dynamical simulations of particulate flows quite generallystrokes before flowing out. This effect may result from
show the occurrence of intermittencs-8] under various some unknown physicochemical interaction between the
configurations. Granular fragmentatif®-11] may be seen grains that could occur during the rest period. As we show in
as another facet of the tendency of a granular piling to buildhe following through a series of laboratory experiments,
up solid inner contact chains that support the overlying mathere is some evidence that permanent plugging occurs even
terial, lean on the side walls of the containers, and are knowin a supposedly nonreacting and dry material such as silica
as vaults or arches. They are responsible for flow discontisand or granular chemical products. These experiments and
nuities, which can be observed both in experiments and imthers do show that permanent plugging depends on prepa-
computer simulations. ration. Such a dependence cannot directly arise from the
Whatever the processes put forward, the common featummere extrapolation of the dynamical situation down to zero
of these observations is a strong local compaction of theelocity. Therefore, it turns out that the multivalued charac-
piling in certain regions of the space limited by the containerter of static friction needs to be accounted for.
walls that results in temporarily or permanently plugging up  The present approach to this problem lies within the limits
the flow. Depending on their specific characteristics, the relof our previous observations and models on the problem of
evant models explain the compaction and plugging as resulprogressive fragmentatiof9,7], which clearly identified
ing from the formation of dynamic archgg], from a sort of  solid vaults to be responsible for dynamic clogging during
traffic jam[6], or else from the effect of a dynamic friction guided vertical flows of granulates. These vaults or arches
that tends to slow down the large blocks of flowing materialwere observed to have limited lifetimes. They erratically
more than it does the small ong. Yet, all of these models built up and vanished during the downfall. On the contrary,
use a simple description oynamic friction interaction, in the experiments presented here, they may happen with
which states that the friction forcg, although possibly de- infinite duration and can even resist various moderate pertur-
pending on velocity, is single-valued and is most generallybations. It is therefore natural to consider that they are more
given by an Amonton-Euler equation of the forfi=f4N,  robust than in the dynamic case or, in other words, that there
wheref is the dynamic friction coefficient anld the normal  must exist some process that leadsvémlt hardening It is
pressing force. the major goal of this paper to identify and estimate, at least
Leaving aside the dynamic problem, which has recentlysemiquantitatively, one of the basic processes that may lead
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to such a phenomenon. All things considered, it may be B
looked upon as an attempt to the yet unsolved and morg
general problem of the stability of granular contact chains.

The second section of this paper is devoted to the descrip
tion of a few experiments that can be rather easily repro-| | = ?
duced under various experimental conditions. Starting eithel [~ cae v |
from model or natural materials, they display evidence of
long duration or permanent clogging, which depends on the
initial preparation. Section Ill is devoted to introducing some A A B
basic considerations about the indetermination of the equilib- (@) (®) ©
rium positions and forces in a simple spring-sliding mass toy W @
model. This model serves as an introduction to the analysis ) -
of a simplified model involving three spherical particles in- /G- 1. Two laboratory experiments exhibiting permanent clog-
teracting via static Coulomb friction forces and submitted todi"9 under specific preparatio(d) is a 2D experiment performed
a springlike horizontal restoring fora@ec. IV). This basic in a flat cell while(2) reports aSD.ex.perllment in a cylindrical tube.

. -~ . Each number refers to the description in text.

version of the constitutive element of a granular packing
exhibits a sort obnap-lock effedthat reflects the tendency of
the packing under vertical stress to build up hardened vaultsell. In the course of our current experiments, the 2D cell is
by aligning the particles along the direction of the restoringkept vertically on a stable support and closed with a moving
forces. Then, due to the mobilization of static friction forces,2D piston (a thin 1-mm-thick metallic bladethat is sup-
the system is seen to retain a memory of the stress historported by a cantilever spring pushed vertically by a stepping
After removal of the vertical stress, it is left in a more tensemotor. Although this setup was not specifically designed to
situation, which makes it able to resist vertical forces in bothgenerate permanent clogging but rather to analyze the statis-
upward and downward directions. Section V reports numeritics of vaults in a vertically pushed 2D packing, we did ob-
cal estimates providing support of the model and opens gerve in several instances that after a set of experiments in-
discussion about the limitations of the proposed analysisyg|ying an upward pushing of the 2D pile the piston could be
The possibility of computer simulations of vault hardening gjeased downwards, resulting in an unexpected feature: The

and permanent plugging effects is mentioned. 2D pile did not flow down as expected but would remain
compact and suspended in the cell supported by its lowest
Il. EXPERIMENTS row of beads, as shown in Fig(1). A careful examination

One can easily imagine small scale laboratory or table-toﬁ’f the situation showed that this feature occurred in the case

experiments able to mimic the permanent plugging effectvhen all the beads in the lowest row were in contact and also
often encountered in large industrial devices. Here, we deln contact with both lateral walls, thereby forming a vault
scribe two typical and simple experiments that exhibit longspanning the space between the two lateral walls. As ex-
duration or permanent clogging of a granular flow that wouldpected, a slight lateral knock at the front windows would
not occur under usual preparative conditions. The first exdisturb this unstable situation and provoke the free flow of
periment deals with a model granular sample made up of the whole packing.

limited number of particles in reduced two dimensig8gc.

Il A). It allows the observation of specific features that, in B, Experiments with sepiolite in a 3D cylindrical container

the present context, help guide the subsequent analysis of

permanent clogging. The second experiment concerns a Sepiolite (hydrated silicate of magnesium,MgSi;Oy,

commonly used granular material enclosed in a cylindricaf'in eql_leaIent of meerschaum, apparently similar to usu_al
container(Sec. Il B). It allows one to get a deeper insight chalk is a commor)Iy “S‘?O! graf?“'af f.“ate“‘?'- Qur samplt_e IS
into the subtleties of the influence of the preparation mod ade of nonspherical millimetric grains, .W'th SIZES ranging
and, in particular, to distinguish between isotropic compac- etween 0.2 and 6 mm. A 1-m-long leucite cylindrical tube

tion and unidirectionafvertica) stress preparation. A sketch (inner and ou_ter diameters 65 and 70 mm, respeqt)vlely
of these experiments is reported in Fig. 1. half full of this granulate. Both ends of the container are

fitted with inner plastic caps that are not flush with the tube
but slightly recessed with respect to the tips. The sample is
initially prepared by gently pouring the granulate into the
We have repeatedly observed permanent plugging in theertical tube. The lower tip is initially A and we pour the
course of several two-dimension&D) experiments per- granulate through tip B. As we shall see, the preparation
formed in flat glass walled cell@ypically 15 cmx10 cm;  mode turns out to be crucial here so that we have to follow
1.6-mm width filled with monodisperse 1.5-mm-diam oxi- the process carefully.
dized aluminum beads. Similar devices of various shapes and (i) The subsequent to normal filling of the height reached
sizes have been extensively used in our laboratory in order thy the granulate in the tube Is, (say, 50 cm. The tube is
investigate heapinfl4], size segregatiofil5], and fragmen- kept vertical and A is the lowest tigFig. 1(2a)].
tation during vertical flow[9]. Due to the fact that the cell (i) Now we turn the tube upside down at an angle far
width is only slightly larger than the bead diameter, theseabove the repose angle, and, as expected, the granulate flows
experimental setups have been shown to eliminate the posslown continuously along the walls of the tube without show-
bility of getting a bead jam across the narrow direction of theing any fragmentation as sketched in Fig2d.

A. Particles in two dimensions
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(iii) Keeping the tube vertical, we knock the lowest tip
(now tip B) of the tube once onto a hard floor. Due to com-
paction, the height of the granulate in the tube is now slightly
reduced by about 1 cm. If now we turn the tube upside down
or incline it at an angle far above the repose angle, we ob-
serve a completely different flow mode. Then the flow either
stops or occurs via a series of successive and ascending frag-
mentations, as we have previously reported in 2D experi-
ments[9] and as sketched in Fig.(2b). Occasionally, the :
flow stops indefinitely, thereby showing permanent clogging. (a) (b)

(iv) Starting from the same initial situation as in st@p),
we first knock the lowest tip B, but next we knock the upper FIG. 2. Spring-mass model displaying position indetermination
tip A. The height is reduced by an additional fraction of gqdueto sta;ic friction(a_\) is a_diagram of th_e balance of forces when
centimeter compared to stéji). We turn the tube upside the poard is progressively tilted from ho_rlzontal_to vertical Wher_w the
down: the granulate flows down continuously as in giep friction force acts upwardsib) schematically displays the spring

and does not exhibit anv fragmentation nor permanent clo Qeformation as a function of the anghe The origin of the coordi-
y frag P nates is chosen at the equilibrium point of the spring without any

ging. . L . . . .. load. The process shown starts from its maximum value when the
(v) Starting from the same initial situation as in stéip board is vertical and the elongation decreaseS when the board

(lowest tip A), we tap repeatedly and energetically over thejg horizontalc=mg#/k. The uppexlowen dotted line corresponds
lateral sides of the tube, thereby inducing a strong compagy, the limiting curves = +1 (e=—1).

tion of the granulate whose height is now reduced by about 5
cm. If we now invert the tube, the flow occurs contlnuouslystanding at a vertical position arstowly tilting the angled

as in step(ii). .
This series of experiments shows reproducible results(.jown to zero and back from O. t/2. As expected, experi-
ents show that the mass will gradually go down and

The flow mode depends directly on the tapping sequence ang. L
on the tip (lower or upper at which the tap is applied. By climb up along the board as the _angﬂes mcreas_ed or de-
contrast, tapping laterally induces efficient compaction buf:reased. Leix(al be the elpnggtlon of the springvhich
does not induce clogging. This experiment also works wit eans that((6_)=_0 at rest, i.e., ifm=0]. If there Were no
other commonly used granular materials. Harder material Iock-pla_ne f”Ct'.On mvolvgdx(e) would be a gont!nuqus
(such as spherical beads of siliagquire a more energetic monotonic funct|onx(6)o§sm.0 [central dotted Ilrye'm F'g.'
sequence of tapgossibly with a hammerin order to allow 2(b)]. Instead, when a S|gn|f|can§ block-plane frlc_tlon is in-
volved, we observe that when increasifdecreasing the

the observation of similar behavior. o . .
These experiments and some othé&esy., see the influ- angled, the block position follows a staircaselike process, as
. pictured(full lines) in Fig. 2(b).

ence of the pouring mode in filling containgis/]) not only s . . .

exhibit the crucial importance of the preparation mode but 1he Weightmg (g is the acceleration of gravilyis bal-
also attract attention to the preparation anisotropy in the ba@nced in the normal direction by the reactiin=mg cos ¢
ance of forces in the granulate. This anisotropy and the facflmd,'” the tangential direction by the frlct_lonal re5|stan_ce to
that similar experimental observations can be made in 2D df"otion F and the forceR due to the spring compression.
3D with spherical beads allow one to rule out the possibilityAccording to Amonton’s friction law, the norm& compo-
that the observed effects are merely due to the formation di€nt results in generating a tangential force opposing relative
geometric arches, which could be obtained with angular parotion, which reads==¢fmg cosd, wheree is a dimen-
ticles. In particular, the sepiolite experiments indicate that, aflOnless parameter that may take any value betwekrand

least under these circumstances, compadti@-24 is not 1 and whose actual value is determined by the history of
merely and directly correlated to subsequent flow behaviof€ Process. In the following, we will consider for the sake of
and to clogging probability. simplicity that the coefficient of dynamic friction is null.

As we show in the following, the consideration of mobi- ~ Starting from a vertical position where the spring com-
lization of static friction forces in the course of preparation isPression is maximumx,=mgk, wherek is the spring
able to render mosif not all) of the observed effects. Before force constant we decrease progressively and slowly the
attempting to build up a specific model for granulates and irngle 6 down to zero(thereby notingd~). At the very be-
order to introduce the problem, we now examine a simpledinning of the process, the friction forcegef cosé comes
toy model, which helps us to understand the basic mechddto play and prevents the mass from sliding upwards until
nism that can explain how a contact chain in a granulate caffaches its maximum value= 1, which determines the be-

keep the memory of the preceding history. ginning of the sliding process. As long as<1, the elonga-
tion remains equal tx,,,. The position for whiche=1
ll. TOY MODEL AND MECHANICAL HYSTERESIS (when the angle is different from/2) is determined by the

solution of the equation for the force balance in thdirec-
We first examine the experimental setup sketched in Figtion with no net force:
2(a). It consists of a rough blockmassm) resting on a rough
inclined plane and attached from below to a spring. The
plane can be rotated around its lowest side fi0 to /2. LXW: 1=sin 6; +f cosé; . )
An elementary experiment consists in starting with the plane mg
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Then the mass slides upwards. In case of a null dynamic
friction coefficient, the block would be subjected to the natu-
ral oscillation of a free spring-mass system. For the sake of
simplification, we consider here that the spring motion is Wwall
efficiently dampede.g., with an additional dashposo that :
the spring elongation approaches exponentially the point
x(,l—z(mg/k)sin 6, (e=0). The process goes on through a

succession of plateaus and ascents that are obtained by
similar recursive procedure and that are defined by the angle
0, , which obeys the equation st =(sin 6, ,+f cosé,). L
As every step is. !inked to the preceding ong, we see. ?hat all FIG. 3. Balance of forces in the triangular basic pattéee
kS)U.C(f:eShSIVe posmlons d.’ape”d on the prewoufs hpOSItlor_L l&zxt). Bead A moves vertically while all other beads are moving
rief, the spring elongation retains a memory of the preV'Ou%ﬂong a horizontal line. The weight of the beads and the vertical

mass position, at every step. _ . . components of the forces are balanced by the reaction of a horizon-
Performing a reverse sequence, i.e., starting from a situaa| channel depicted by the dotted lines,

tion when6=0, we are faced with the definition of the initial

position. The mass can be initially set at any positign t0 exist will depend on how the friction forces have been
Satisfying the equatiohxi = mgsf with e E[_ 1,+ 1] When mobilized before turning the container UpSide down. In other
¢ is increased the subsequent trajectory again shows plateay@rds, when gravity is reversed, the friction forces must be
and up-motions in thex(§) space determined by oscillations in the opposite direction to gravity and large enough. In the
of ¢ between 0 and-1. Under these circumstances, the following, we present a heuristic model that captures some
reverse trajectory in thex(6) space separates from the pre- Of thg features observed in the experiments. In the process of
ceding one and lies below the descent trajectory, as reportedfavity reversal, the model exhibits either a “vault harden-

in Fig. 2(b). The recursive procedure leads to successive polg” or a “vault softening” behavior. Each of these behav-
sitions obtained at angled;” obeying sing =(sing’, 10rS provides a very simple mechanism for the explanation of

—f cosd,,). In short, the mass can be initially set at anyh€ fragmented flowing mode or the continuous flowing
mode. The selection of a specific behavior is mainly depen-

position lying in the region delimited by the curves . , . .
(k/mg)x=sin 6=f cos@in thex(6) diagram[dotted lines in dent on the stress history as the flowing mode in the experi-
ments.

Fig. 2(b)]. Starting from a particular situation determines . _ . . .
g. 2b)] g P Let us consider a horizontal chain of spherical particles

definitely the subsequent process. Rather than numericall d bet N inid lateral walls. Th icles i
solving the equations, the set of stable positions can be easiggueeze etween two rigid fateral walls. 1he particles lie on
floor and are forced to move horizontally as if they were

obtained by drawing the staircase picture on dia- . ; .
! y drawing I pictu 1t6) d guided in a channel. The particles are deformable and there
gram, as shown in Fig.(B). . ; )
are no frictional interactions among them. We suppose that

Thus, as the angl® is successively increased and de- total def i f the chai be | hf
creased, the mass follows a staircaselike motion limited by Hwe total detormation of Ine chain can be large enougn for an
dditional particle A to be inserted. In a real situation, bead

hysteresis cycle whose area reflects the irreversibility due t . ) ) N
friction dissipation during the process. This observation i wpu_ld tend to dislodge a neighboring bead from the c_haln,
ut it is not the purpose of the model to study such an insta-

not novel in itself. It is related both to the well known stick- . : : o ;
bility. Particle A is supposed to have frictional contacts with

slip process in spring-mass models and to Mindlin and Der ; I
esiewicz’s investigation of the loading and unloading hyster-beads B and B(see Fig. 3and the friction forces can take

esis cycles of elastic spheres in contgd] any values in Coulomb’s cone of friction. The elastic re-
It will become apparent that the hysteretic behavior of thegponse of the remaining particles is represented by a spring

spring-mass system may be relevant to the understanding ptween bead B (B and the lateral wall. For the sake of
the experiments described in Sec. Il. As we will see in more> MPlicity, we suppose that bead A s moving vertically and
detail in Sec. IV B, it can be intuitively understood that the that beads B and Bhave symmetrical behaviors. We call

elastic deformation of contact chains in a granulate can plat he pen.etr.ationf arr]wgle, V;’hi(.:h s _e>|<plg:itly de;ineo: in Fig. 3.
the role of the spring in the preceding toy model. e variation of the angle is mainly due to the elongation
of the lateral springs, and the contribution of the deforma-

tions of beads A, B, and 'Bis neglected; bead A is subject to
IV. FRICTION HYSTERESIS OF SPHERES IN CONTACT a vertical and downwartpositive force 2Q, which includes
IN A GRANULAR PACKING both the applied load on bead A and its own weight. The
load applied to bead A is varied slowly in a quasistatic way,
A. Model such that, at any time, static equilibrium is realized for the
We turn back to the problem of a dense bead packingvhole system. As long as the friction forces have not reached
made up of a large number of spherical particles confined bthe Coulomb limit for sliding, bead A remains at rest, but the
gravity to a vertical cylindrical container. We recall that friction forces evolve so as to balance the variation of the
when the container is turned upside down, the state of stredsad on bead A. When the friction forces reach the sliding
may be such that the granular material will resist the pullinglimit, bead A can slide on beads B and Bnd move down
effect of gravity, and a transient or permanent vault structuréor up while keeping loadQ constant, until it reaches an
will be observed. Clearly, if we admit that the friction forces equilibrium for which no friction forces are mobilized as in
are responsible for the vault effect, the possibility for a vaultthe preceding toy model. Bead B is subject to a postixe,
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from left to right and horizontal compressive foréefrom relaxes(increases or decreageshen the conditiore=*+1

the spring, which is only a geometrical function. Bead B isis reached and we have to solve the no-friction problem
also subject to its own weightV and to a normal reaction =0) for a fixed loadQ. Under this slip condition, Eq.10)
force R, which prevents vertical motion either in the upward reduces td-=Q cot a. Another relationship betweem and

or downward direction. In a real situation, significant vertical F has to be found in order to determine the equilibrium state.
motion would be limited by the surrounding granular mate-This relationship depends on the elasticity model for the
rial. In the contact area with bead B (B bead A is submit- granulate contact chains. Obviously and provided no global
ted to a normal loadN, (N,) and a tangential loadi, (T,),  reorganization of the relative positions of the particles occurs
while bead B (B) is subjected to a normal loag-N,  under loading or unloading; is expected to be a monotoni-
(—Nj,) and a tangential loagt T, (— Tj). The symmetry of cally decreasing function of.

the problem implies thaN,=Nj and T,=T,. Then, the We do not know the detailed functioR(«), which is
equilibrium of bead A reads largely dependent on the microscopic details of the bead-
bead interface and on the elasticity model considered for the
along the horizontal axis: contact interactions. Being monotonk(«) spans the range

F min 10 Fax When a decreases fromr/3 down to 0. This
function is expected to scale differently according to the
model used for the description of the contact interaction. If
we denotau(«) the longitudinal chain deformation, the scal-

Ta COSa+Np sin a+Th cosa+Nj sina=2Q. (3) i_ng exponentB of the elastic f_orceFoc[u(a)]ﬁ is 1 for a

linear model, 3/2 for the classical Hertz model, and 2 for a
Given the symmetry relations, the equilibrium is always “soft crust” or multicontact mode[25]. ThenF reads

satisfied along théorizontalaxis and the equilibrium along

Np cosa—Tp sina—Nj cosa+T, sina=0, (2)

along thevertical axis:

the vertical axis is reduced to F=[2(1-cosa)Fh+ (2 cosa—1)Fya]P
Ta cosa+N, sina=Q. (4) with  g=1,3/2,2, (1D
Similarly, the equilibrium of bead B reads whence, inserting expressighl) into Eq. (10) provides the
Q(«) dependence:
along the horizontal axis: —T, sina+Ny cosa=F,
5 tana+ef
® Q=[2(1-cosa)F¥8+ (2 cosa—1)FYB1f —————
. . l-ef tana
along thevertical axis:
with ee[—1,+1]. (12

R—W-—T, cosa—N, sin a=0. (6)
. . . For the sake of illustration, we consider here the case of a
The equilibrium along the vertical axis can always be sat-

isfied by a suitable choice of reaction for€& Thus, the linear spring model §=1) and take® py vanishingly small.
e . : More sophisticated models for the contact interaction can be
equilibrium of bead B simply requires that

considered. However, provided that the basic assumption of

— T, sina+N, cosa=F. (7)  the monotonicity of the~(a) is preserved, the results will
not separate, at least qualitatively, from the simple linear
Then, it is straightforward to find the following: case. Then Eq12) reduces to
No=Q sina+F cosa, tana+ef

Q=F a2 cosa—1) (13

To=Q cosa—F sina. (8) 1-eftana
The graph of this equation is given in Fig. 4.
The particular shape of the dependence o) requires
some analysis. Using the same description as in Sec. Ill, we
Ta=sfN,, ee[—1,+1], (9) observe that the static friction condition implies that the rep-
resentative point of the equilibrium has to lie in the region
where f is the coefficient of static friction. Eventually, it delimited by thee=+1 ande=—1 curves, respectively,
gives a relationship betwedh andQ for a particular mobi- above and below the no-friction curve correspondingsto

We introduce the friction condition, as in the preceding
section. It reads

lization of the friction forceqe value: =0. This means that, at a given angle loading bead A
(i.e., increasing the loa@®) over the point noted will result
1-ef tana in an abrupt relaxation of the system. The same feature oc-
F=Q tana+ef (10 curs symmetrically if we reduce the load below the point

markedU (unload in the diagram. As we have seen previ-
At a givena, and depending upon the loading or unload-ously, the actual stable position of the representative point at
ing sequences ranges betweep0,+ 1] (loading sequenge a given anglex lies on theUL segment and depends on the
and [0,— 1] (unloading sequengeWhen the friction bal- preparation.
ances and adjusts to the variation of the applied fdree, The ridged shape®(«) curve in Fig. 4 has a direct con-
whenle|<1), « is expected to remain constant. The angle sequence that is relevant to the generic problem of the sta-
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FIG. 4. Q andF dependence on the penetration anglén the Q(arb. units)

linear spring model. Heré ;,=0, F,,,=100 arb. units, and FIG. 5. R : - .
_ . a . 5. Representation of the behavior of the system in the
=0.3. The set of the three curv&d(a) are obtained fore=0 F(Q) space. Herd,;,=0, F =100 arb. units, and=0.3. The

‘(l<|:enér,:'=1l ﬂé”“"nle) Z”S' &= ilt_(d:?\shed 'I[me)sFL and U stand for d staircaselike dashed line shows a typical trajeciese text The
oad” and “unload,” respectively(see text. Forces are expresse three solid curves represent=1,0,—1. Forces are expressed in

in arbitrary units. arbitrary units.

bility of vaults in a granulate. We first analyze the situationcannot balance the opposite resultant force on bead B due to
when there is no frictiongd=0). In the whole rangg0,7/3], the applied loadQ anymore, and this results in an abrupt
a decrease ofr results in an increase df, which reads decrease of the penetration angledown to some point
4,F<0. In contrast, independent of the model for the chainmarkedE; in the figure. The process leading from pofto
deformation(i.e., if =1, 3/2, or 2), the functionQ(a) is  Point E, is an out-of-equilibrium process during which the
not monotonic and happens to exhibit two distinct domaingnitially fixed force Q must decrease in order for the system
whered,Q is positive, null, or negative. The region where to reach a new equilibrium state. The complete determination
3,Q is negative corresponds to a domain where the sprin@f this equilibrium state depends on the time dependence of
drawback forceF increases when the loa@ is increased. theQ force, and could be performed by analytically solving
This results in a positive reaction, which tends to restore théhe full mechanical problem. In view of the crude approxi-
initial anglea when the system is unloaded. On the contrarymations of the present modénd in particular of the sim-
going into the domain where,Q is positive corresponds to plification by which the dynamical friction coefficient is
triggering a sort of “snap-lock effect.” If the stresd is zerg, we restrict this discussion to a semiquantitative de-
increased above the maximum in the cuee 0 (full line) scription and will not delve any further into the details of the
of Fig. 4, the system becomes unstable, since the @asl ~ model. _

larger than any equilibrium value. Then, the beads tend to Figure 5 provides a visual support of the terms “vault
align down toa'=0 instead of restoring the initiat starting ~hardening” and “vault softening” that we already used ear-
value, and the spring drawback forée tends towards its lier in this paper. To simulate the reversal of gravity, the load
maximum value. As we see in the following, a combination@ is now slowly decreased and we search for stable positions
of this snap-lock effect and the mobilization of friction for which Q becomes negative. Whenever the system is in a

) ; . : --1 ;
forces may explain several unusual behaviors, such as vadgtuation for whichF<FZ .~ (for example, pointE;), a
hardening, as observed in Sec. II. decrease in loa® will lead to a decrease in the compressive

Now we turn back to the question of the mobilization of force F until it reachesF =0 whenQ=0 after successive
friction forces in the spirit of the spring-mass model exam-stick-slip events. Afterwards, iQ becomes negative, there
ined in Sec. Ill. We look for the detailed trajectories of the will be no friction forces to prevent bead A from losing
system in theF(Q) space that is the analog to thx¢#)  contact with beads B and’'BThis is what we call Vault
representatior(see Fig. 3. The graph of this function is softening and corresponds to the continuous flowing mode
given in Fig. 5. in the experiments. On the contrary, whenever the system is

Starting from a given positiongin the figure, i.e., from in a situation WherF>F§;e;1 (for example, pointE,), a
a givenF and Q at a definite penetration angte (¢=0), decrease in loa® will lead to an increase in the compres-
and increasing progressively, we can calculate analytically sive forceF, and negative values d@ will eventually be
the successive positions of the system using the same argreached after successive stick-slip events. The maximum
ments as in Sec. lll. Rather than performing the completaegative valueQ,,,= — fFnax iS reached whemr=0 ande
calculation, it turns out to be much more convenient to use=—1, i.e., when the compressive for€eis maximum. If
the diagrammatic representation pictured in Fig. 5. In theeverQ,,., is large enough, bead A will be able to resist the
region wheredgF is positive, the trajectory follows a series pulling effect of gravity. This is what we call vault hard-
of stick-slip events such as those in the simple spring-massning’ and corresponds to a permanent clogging or a frag-
model. This occurs until the poift is reached. At this point, mented flowing mode in the experiments.

a slightly increasing forc® will break the friction force and The model can be related to the series of experiments
trigger the snap-lock effect. The spring drawback fokce reported in Sec. Il as follows. Starting from usual preparative
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If &y, is the penetration of two beads in contact, one easily
finds that the retraction of a typical contact chain due to
internal pressure in a granulate &s=né,cn(F2/E%r)Y?
«I'2*R53, which does not depend on the particle size. Using
typical numerical valuegi.e., p=2000 kg/ni,R=0.1 m,
and E=10'° N/m?), one finds that al'=1 (which means
under its own weight négy, is of order 10um which can be
increased up to about 50m under a shock at 30 Using
softer materials for the beads such as leucite or, even more,
sepiolite, allows us to cover a deformation range up to 100
pm which means a significant fraction of a typical bead di-
ameter. Note that this deformation is large enough to trigger
the snap-lock effecinder a moderate external perturbation,

. . particularly if the force along the contact chain is close to
FIG. 6. Definition of the parameters for calculating the overall F

deformation of the linear chain of contacts.

apex- i i i i i
In some typical experimental situations, the container

» . walls are likely to undergo a much larger deformation than
conditions, the granulates flow normally when the containefne peads’ chain. These wall deformations can also render

is turned upside down. After a static compression or & Seqe effect of the spring deformation. The following simple
quence of compressive shocks in one specific direction, sescylation can be performed. Suppose we consider a leucite
era_l contact chams in the granular material, which are a_ble tQbe whose Young’s modulus B . Suppose that the tube is
resist the pulling forces due to the reversal of gravitationakpirely filled with a granular material. In a layer of thickness
forces, are Ieft.m a more tense situation. Inversely, shocks Br there are typicallN= mn beads in contact with the wall
the opposite directiohSec. 11 B, step(lv)] tend to relax the ;4 each bead applies a compressive f6ce The cumula-
tension of the vaults thereby allowing a free flow mode. e effects of these compressive forces create an equivalent
pressure on the internal wall of the cylinder whose maximum
B. Spring and drawback force: Numerical estimate value can be written as=NF,/27Rb, b being the diameter
é)f the contact circle at the bead-wall interface. The general
rsolution for the stress distribution in a hollow cylinder with
niform internal and external pressures is a classical problem
6] that is easily solved in polar coordinates §). If there
IS no pressure applied on the external wall, and in the ap-

In the preceding section, we have shown that a simpl
spring-rubbing mass model is, in principle, able to rende
several basic features of vault hardening. This model estah:
lishes a relationship between the geometry of a triangul

pattern(through dependence ar) and the mobilization of proximation of small thicknese<R, the general solution

friction forces. It implies a significant relative motion of the ) : .
reduces to a uniform tensile stresg=pR/e, a tangential

beads in the packing. A simple order of magnitude calcula—t e ~o. |E' q dial displ —R
tion helps to show that this may occur under usual experiStraines=o,/E’, and a radial displacement=Re,,

mental conditions. In the following, we successively con-

2
sider semiquantitatively the deformation of a linear chain of 5 ~ Fn E:ﬁ E R_: nghi R =~A E E
contacts and the consequence of the deformations of the con- =~ E’b 27 2 g’ 2mre AE' €  4E' e
tainer walls within the context of the Hertz model.
Consider a vertical cylindrical containéradius R, see In a typical example corresponding to the 3D experiment

Fig. 6) made up of a material whose Young's modulugis  described in Sec. Il BR=0.1 m,e=1 mm, E'=E/4, thus
The wall thickness i®<R. The container is filed with a A=10 um, and even more if there is a shock, so that typi-
large number of spherical beadsadius r<R, Young's cally 6,=1 mm. It means that the deformation of the con-
modulusE>E’). Let g be the gravitational acceleration and tainer walls can be several tens of times larger than the de-
suppose that a vertical fast moti¢such as a shogks able formatiqn of the contact chains.. When subjected to an
to temporarily change the effective force by a positive orénergetic shock, the wall deformation can be as large as sev-
negative adimensional factdr. eral hundreds pf migrometefwhich can mean on the order '
Depending upon experimental conditiof| ranges be- of several pa_rtlcle sizes for powders or fine granular materi-
tween 1 and 10. We consider a typical contact chaimof al9. In large industrial vessels such as hoppers or tubes with
~R/r particles that spans the space between both laterdhin walls, the wall deformation can significantly contribute
walls in the container. LeE, be the typical vertical force [0 vaults hardening, as investigated in the present paper.
due to gravity, supported by a bead in the packing. Basic
Janssen argumenf46] indicate that a bead situated in the V. DISCUSSION AND CONCLUSION
bulk of the packing undergoes a maximum vertical stress that

is typically equivalent to the weight ofrRbeads. Ifp is the The present work shows that permanent plugging, which

» s 3 . is frequently observed in industrial situations, can be readily
specific mass of the beads, we hayg=nI"pgz7r*. Again  gptained in small scale laboratory experiments using an ad-
using Janssen’s argumertts7], we know that about a frac- equate preparation of the granular material that otherwise
tion K=30% of the vertical stress is converted into a hori-\yould flow continuously. Starting from a few simple experi-
zontal one directed towards the lateral walls. This results in @nents and basic arguments, we attract attention to the crucial
horizontal force on a bea,, such thatF,=nKI pg&r3. importance of the interplay of the geometry and mobilization
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of friction forces in determining the stress equilibrium of a  Our model, which deals with a three-bead pattern, over-
granulate confined in a container. simplifies the description of the complex network of forces
Our model takes advantage of a detailed analysis of thih a granulate, as depicted for examplg24]. The question
balance of forces, which includes friction mobilization and arises whether a correct computer simulation of these static
reaction to compressive stresses in an elementary three-begg quasistatic effects that originate from the basic static in-
model. It is seen that, under particular circumstances, thgetermination of the friction forces is possible. At present,
granular system can build up tense inner contact chains thaost computer simulations in the physics of granular mate-
are able to resist moderate pertur.bations. In tgrn, thesg harfzis make use of a dynamic description of the shock and
ened vaults can oppose further internal motion, leading Qction interactions. Quite generally, the algorithms are
permanent plugging or to fragmentation. implemented with a single-valued friction coefficient, and a

Besides using the classical Amonton static friction law ; ; ; - : ;
. . . ‘permanent relative motion of the particles is required in or-
this model is based on the hypothesis that the granular sys; P 9

tem resists horizontal compression by mobilizing an eIastifi eLto SOIVE dti/]namlgalll t_aqu?nons.tTthe qufetsrflonta?_ses ofthotw
restoring force whose intensity depends monotonically onj0 Know whether a full implementation of the static contac
the compression. This is certainly a crude approximation idntgrqctlon(such as in27]) IS able to render a correct de-
the case of plastic deformation that is likely to occur in manyScrlptlon of the vault hardening effect.

chemical or food grain materials. There, the snap-lock effect

may occur via plasticity or via a creeping process. Note that

under these circumstances and at the apex of the curve in ACKNOWLEDGMENTS

Fig. 5, a slow creep is able to induce an abrupt relaxation of

the grain positions, leading to a consolidation of the contact This paper has benefited from the support of the French
chains. Within this context, we may speculate that this effecGroupement de Recherche sur la Physique de la kaltie-
would be at the origin of the vault hardening and permanenérogene et Complexe(CNRS and of the corresponding
clogging observed in many industrial hoppers after a proHCM European network. Fruitful discussions with P-G. de
longed period of rest. Gennes, J. Goddard, and J-C. Charmet are acknowledged.

[1] H. M. Jaeger, S. R. Nagel, and R. P. Behringer. Rev. Mod[14] E. Clement, J. Duran, and J. Rajchenbach, Phys. Rev. 6@it.

Phys.68, 1259(1996. 1189(1992.
[2] B. J. Ennis, J. Green, and R. Davis, Chem. Eng. P86g32 [15] J. Duran, T. Mazozi, E. Cteent, and J. Rajchenbach, Phys.
(1994. Rev. E50, 5138(1994.

[3] T. Le Pennec, K. J. May, A. Hansen, M. Ammi, D. Bideau, [16] H. A. Janssen, Z. Ver. DtSCh' |n@9,_ 1945(1893'
and X. L. Wu, Phys. Rev. B3, 2257 (1996 [17] R. L. Brown and J. C. Richard€}rinciples of Powder Me-

. . chanics(Pergamon Press, Oxford, 1970
[4] G. H. Ristow and H. J. Herrmann, Physica?A3 474(1995. [18] R. Nowak %I Povinelli, H. M. Jaeger, S. R. Nagel, J. B.

[5] T. Raafat, J. P. Hulin, and H. J. Herrmann, Phys. Re®3E Knight, and E. Ben-Nainfunpublishedl
4345(1996. [19] C. H. Liu, S. R. Nagel, D. A. Schecter, S. N. Coppersmith, S.
[6] D. C. Hong, S. Yue, J. K. Rudra, M. Y. Choi, and Y. W. Kim, Majumdar, O. Narayan, and T. A. Witten, Scier2@9, 513
Mod. Phys. Lett. B6, 761(1992. (1995.
[7] S. Luding, J. Duran, T. Mazozi, E. Gteent, and J. Rajchen- [20] R. Peralta-Fabi, C. Malaga, and R. Rechtngarivate commu-
bach, Simulations of Granular Flow: Cracks in a Falling nication.
Sandpile(World Scientific, Singapore, 1996 [21] C. C. Mounfield and S. F. Edwards, Physic&226, 12 (1996.
[8] G. Peng and H. J. Herrmann, Phys. Rev& 1796 (1994). [22] J.-P. Bouchaud, M. E. Cates, and P. Claudin, J. Ph§s6B89
[9] J. Duran, T. Mazozi, S. Luding, E. Gteent, and J. Rajchen- (1995.

[23] E. Clement, C. Eloy, J. Rajchenbach, and J. Dutattures
on Stochastics Dynamickecture Notes in Physics Vol. XXX
(Springer-Verlag, Berlin, 1997

bach, Phys. Rev. B3, 1923(1996.
[10] S. Luding, J. Duran, E. Cieent, and J. Rajchenbach, J. Phys.

1 6, 823(1996. [24] F. Radjai, M. Jean, J. J. Moreau, and S. Roux, Phys. Rev. Lett.
[11] J. Duran,Sables, Poudres et Grairi&yrolles, Paris, 1997 77, 274(1996.
[12] F. Radjai, L. Brendel, and S. Roux, Phys. Rev.5E 861  [25] P. G. de Genne&npublishedl

(1996. [26] S. P. Timoshenko and J. N. Goodid@heory of Elasticity3rd
[13] R. D. Mindlin and H. Deresiewicz, J. Appl. Meclz0, 327 ed. (McGraw-Hill International Editions, New York, 1987

(1953. [27] J. J. Moreau, Eur. J. Mech. A Solids, 93 (1994.



